The aim of this manuscript is to apply distributivity laws of several fuzzy sets for any fuzzy sets and study distributivity laws with any fuzzy soft sets. We investigate properties of some operations for fuzzy soft sets over fully UP-semigroups and their interrelation with respect to different operations such as "(restricted) union", "(extended) intersection", "AND", and "OR".
Introduction and Preliminaries
Several researches introduced a new class of algebras related to logical algebras and semigroups such as:
In 1993, Jun et al. [7] introduced the notion of BCI-semigroups. In 2018, Iampan [6] introduced the notion of fully UP-semigroups.
In 1999, to solve complicated problems in economics, engineering, and environment, we cannot successfully use classical methods because of various uncertainties typical for those problems. Uncertainties cannot be handled using traditional mathematical tools but may be dealt with using a wide range of existing theories such as the probability theory, the theory of (intuitionistic) fuzzy sets, the theory of vague sets, the theory of interval mathematics, and the theory of rough sets. However, all of these theories have their own difficulties which are pointed out in [11] . In 2001, Maji et al. [10] introduced the concept of fuzzy soft sets as a generalization of the standard soft sets, and presented an application of fuzzy soft sets in a decision making problem. In 2010, Jun et al. [8] applied fuzzy soft set for dealing with several kinds of theories in BCK/BCIalgebras. The notions of fuzzy soft BCK/BCI-algebras, (closed) fuzzy soft ideals and fuzzy soft p-ideals are introduced, and related properties are investigated. In 2013, Rehman et al. [13] studied some operations of fuzzy soft sets and give fundamental properties of fuzzy soft sets. They discuss properties of fuzzy soft sets and their interrelation with respect to different operations such as union, intersection, restricted union and extended intersection. Then, they illustrate properties of AND and OR operations by giving counter examples. Also we prove that certain De Morgan's laws hold in fuzzy soft set theory with respect to different operations on fuzzy soft sets. In 2019, Satirad and Iampan [16] introduced ten types of fuzzy soft sets over fully UP-semigroups, and investigate the algebraic properties of fuzzy soft sets under the operations of (extended) intersection and (restricted) union.
Before we begin our study, we will give the definition of a UP-algebra. Definition 1.1. [5] An algebra A = (A, ·, 0) of type (2, 0) is called a UP-algebra where A is a nonempty set, · is a binary operation on A, and 0 is a fixed element of A (i.e., a nullary operation) if it satisfies the following axioms:
(UP-1): (∀x, y, z ∈ A)((y · z) · ((x · y) · (x · z)) = 0), From [5] , we know that the notion of UP-algebras is a generalization of KU-algebras (see [12] ).
On a UP-algebra A = (A, ·, 0), we define a binary relation ≤ on A [5] as follows:
(∀x, y ∈ A)(x ≤ y ⇔ x · y = 0). Example 1.1. [18] Let X be a universal set and let Ω ∈ P(X) where P(X) means the power set of X. Let P Ω (X) = {A ∈ P(X) | Ω ⊆ A}. Define a binary operation · on P Ω (X) by putting A·B = B ∩(A C ∪Ω) for all A, B ∈ P Ω (X) where A C means the complement of a subset A. Then (P Ω (X), ·, Ω) is a UP-algebra and we shall call it the generalized power UP-algebra of type 1 with respect to Ω. Let P Ω (X) = {A ∈ P(X) | A ⊆ Ω}.
Define a binary operation * on P Ω (X) by putting A * B = B ∪ (A C ∩ Ω) for all A, B ∈ P Ω (X). Then (P Ω (X), * , Ω) is a UP-algebra and we shall call it the generalized power UP-algebra of type 2 with respect to Ω. In particular, (P(X), ·, ∅) is a UP-algebra and we shall call it the power UP-algebra of type 1, and (P(X), * , X) is a UP-algebra and we shall call it the power UP-algebra of type 2. Example 1.2. [3] Let N be the set of all natural numbers with two binary operations • and • defined by
Then (N, •, 0) and (N, •, 0) are UP-algebras.
For more examples of UP-algebras, see [2, 6, 17, 18] .
In a UP-algebra A = (A, ·, 0), the following assertions are valid (see [5, 6] ).
(∀a, x, y, z ∈ A)((x · (y · z)) · (x · ((a · y) · (a · z))) = 0),
Let A be a nonempty set, · and * are binary operations on A, and 0 is a fixed element of A (i.e., a nullary operation). An algebra A = (A, ·, * , 0) of type (2, 2, 0) in which (A, ·, 0) is a UP-algebra and (A, * ) is a semigroup is called a fully UP-semigroup (in short, an f -UP-semigroup) if the operation " * " is distributive (on both sides) over the operation "·". 
We say that a fuzzy set F in U is constant if its membership function f F is constant.
Rosenfeld [14] introduced the notion of fuzzy subsemigroups (resp., fuzzy ideals) of semigroups as follows:
Clearly, a fuzzy ideal is a fuzzy subsemigroup.
Definition 1.5. [9] Let {F i } i∈I be a nonempty family of fuzzy sets in a nonempty set U where I is an arbitrary index set. The intersection of F i , denoted by i∈I F i , is described by its membership function f i∈I Fi which defined as follows:
The union of F i , denoted by i∈I F i , is described by its membership function f i∈I Fi which defined as follows:
Theorem 1.1. Let F i and F be fuzzy sets in a nonempty set X where I is a nonempty set. Then the following properties hold:
Proof. Let x ∈ X. (1) First, we investigate left hand side of the equality. Assume that i∈I F i = F ∪ . Then
Consider the right hand side of the equality. Assume that F ∩ F i = F ∩ i for all i ∈ I. Then
(2) By using techniques as in (1), then (2) can be derived.
(3) First, we investigate left hand side of the equality. Assume that i∈I
Consider the right hand side of the equality. Assume that
(4) By using techniques as in (3), then (4) can be derived.
Somjanta et al. [19] , Guntasow et al. [4] , and Satirad and Iampan [16] introduced the notion of fuzzy UP-subalgebras (resp., fuzzy near UP-filters, fuzzy UP-filters, fuzzy UP-ideals, fuzzy strongly UP-ideals) of UP-algebras as follows:
(2) a fuzzy near UP-filter of A if
We know that the notion of fuzzy UP-subalgebras is a generalization of fuzzy near UP-filters, the notion of fuzzy near UP-filters is a generalization of fuzzy UP-filters, the notion of fuzzy UP-filters is a generalization of fuzzy UP-ideals, and the notion of fuzzy UP-ideals is a generalization of fuzzy strongly UP-ideals. Moreover, fuzzy strongly UP-ideals and constant fuzzy sets coincide in UP-algebras.
Satirad and Iampan [15, 16] introduced the notion of fuzzy UP s -subalgebras (resp., fuzzy UP i -subalgebras, fuzzy near UP s -filters, fuzzy near UP i -filters, fuzzy UP s -filters, fuzzy UP i -filters, fuzzy UP s -ideals, fuzzy UP iideals, fuzzy strongly UP s -ideals, fuzzy strongly UP i -ideals) of f -UP-semigroups as follows:
(1) a fuzzy UP s -subalgebra of A if F is a fuzzy UP-subalgebra of (A, ·, 0) and a fuzzy subsemigroup of (A, * ).
(2) a fuzzy UP i -subalgebra of A if F is a fuzzy UP-subalgebra of (A, ·, 0) and a fuzzy ideal of (A, * ).
(3) a fuzzy near UP s -filter of A if F is a fuzzy near UP-filter of (A, ·, 0) and a fuzzy subsemigroup of (A, * ).
(4) a fuzzy near UP i -filter of A if F is a fuzzy near UP-filter of (A, ·, 0) and a fuzzy ideal of (A, * ).
(5) a fuzzy UP s -filter of A if F is a fuzzy UP-filter of (A, ·, 0) and a fuzzy subsemigroup of (A, * ).
(6) a fuzzy UP i -filter of A if F is a fuzzy UP-filter of (A, ·, 0) and a fuzzy ideal of (A, * ).
(7) a fuzzy UP s -ideal of A if F is a fuzzy UP-ideal of (A, ·, 0) and a fuzzy subsemigroup of (A, * ).
) and a fuzzy ideal of (A, * ).
(9) a fuzzy strongly UP s -ideal of A if F is a fuzzy strongly UP-ideal of (A, ·, 0) and a fuzzy subsemigroup of (A, * ).
(10) a fuzzy strongly UP i -ideal of A if F is a fuzzy strongly UP-ideal of (A, ·, 0) and a fuzzy ideal of (A, * ).
Theorem 1.2. [15, 16] The intersection of any nonempty family of fuzzy UP s -subalgebras (resp., fuzzy UP i -subalgebras, fuzzy near UP s -filters, fuzzy near UP i -filters, fuzzy UP s -filters, fuzzy UP i -filters, fuzzy UP sideals, fuzzy UP i -ideals, fuzzy strongly UP s -ideals, fuzzy strongly UP i -ideals) of an f -UP-semigroup is also a fuzzy UP s -subalgebra (resp., fuzzy UP i -subalgebra, fuzzy near UP s -filter, fuzzy near UP i -filter, fuzzy UP sfilter, fuzzy UP i -filter, fuzzy UP s -ideal, fuzzy UP i -ideal, fuzzy strongly UP s -ideal, fuzzy strongly UP i -ideal).
Theorem 1.3. [15, 16] The union of any nonempty family of fuzzy near UP i -filters (resp., fuzzy strongly UP s -ideals, fuzzy strongly UP i -ideals) of an f -UP-semigroup is also a fuzzy near UP i -filter (resp., fuzzy strongly UP s -ideal, fuzzy strongly UP i -ideal).
Fuzzy Soft Sets over Fully UP-Semigroups
From now on, we shall let A be an f -UP-semigroup A = (A, ·, * , 0) and P be a set of parameters. Let F(A) denotes the set of all fuzzy sets in A. A subset E of P is called a set of statistics.
, that is, a fuzzy soft set is a statistic family of fuzzy sets in A. In general, for every e ∈ E,
A} is a fuzzy set in A and it is called a fuzzy value set of statistic e.
Definition 2.2. Let ( F, E 1 ) and ( G, E 2 ) be two fuzzy soft sets over a common universe U . The union [10] of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F, E 1 ) ∪ ( G, E 2 ) = ( H, E) satisfying the following conditions:
The restricted union [13] of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F, E 1 ) ( G, E 2 ) = ( H, E) satisfying the following conditions:
for all e ∈ E.
and ( G, E 2 ) be two fuzzy soft sets over a common universe U . The OR of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F, E 1 ) ∨ ( G, E 2 ) = ( H, E) satisfying the following conditions:
Definition 2.4. Let ( F, E 1 ) and ( G, E 2 ) be two fuzzy soft sets over a common universe U . The extended intersection [13] of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F, E 1 ) ∩ ( G, E 2 ) = ( H, E) satisfying the following conditions:
The intersection [1] of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F,
satisfying the following conditions:
Definition 2.5.
[10] Let ( F, E 1 ) and ( G, E 2 ) be two fuzzy soft sets over a common universe U . The AND of ( F, E 1 ) and ( G, E 2 ) is defined to be the fuzzy soft set ( F, E 1 ) ∧ ( G, E 2 ) = ( H, E) satisfying the following conditions: We will introduce the notions of the restricted union, the union, the intersection, the extended intersection, the AND, and the OR of any fuzzy soft sets and apply to f -UP-semigroups.
be a nonempty family of fuzzy soft sets over a common universe U where I is an arbitrary index set. The restricted union of ( F i , E i ) is defined to be the fuzzy soft set i∈I ( F i , E i ) = ( F, E) satisfying the following conditions: , ( F, E) is an e-fuzzy soft near UP i -filter of A. But since e is an arbitrary statistic of E, we have ( F, E) is a fuzzy soft near UP i -filter of A.
In the same way as Theorem 2.1, we can use Theorem 1.3 to prove that the restricted union of family of fuzzy soft strongly UP s -ideals (resp., fuzzy soft strongly UP i -ideals) of A is also a fuzzy soft strongly UP s -ideal (resp., fuzzy soft strongly UP i -ideal). where I is an arbitrary index set. The union of ( F i , E i ) is defined to be the fuzzy soft set i∈I ( F i , E i ) = ( F, E) satisfying the following conditions: Therefore, ( F, E) is an e-fuzzy soft near UP i -filter of A. But since e is an arbitrary statistic of E, we have ( F, E) is a fuzzy soft near UP i -filter of A.
In the same way as Theorem 2.2, we can prove that the union of family of fuzzy soft strongly UP s -ideals (resp., fuzzy soft strongly UP i -ideals) of A is also a fuzzy soft strongly UP s -ideal (resp., fuzzy soft strongly UP i -ideal).
In [16] , we show that the union of two fuzzy soft UP s -subalgebras (resp., fuzzy soft UP i -subalgebras, fuzzy soft near UP s -filters, fuzzy soft UP s -filters, fuzzy soft UP i -filters, fuzzy soft UP s -ideals, fuzzy soft UP i -ideals) of A is not fuzzy soft UP s -subalgebra (resp., fuzzy soft UP i -subalgebra, fuzzy soft near UP s -filter, fuzzy soft UP s -filter, fuzzy soft UP i -filter, fuzzy soft UP s -ideal, fuzzy soft UP i -ideal).
nonempty family of fuzzy soft sets over a common universe U
where I is an arbitrary index set. The intersection of ( F i , E i ) is defined to be the fuzzy soft set i∈I ( F i , E i ) = ( F, E) satisfying the following conditions: Proof. Let ( F i , E i ) be a fuzzy soft UP s -subalgebras of A for all i ∈ I. Assume that
is the intersection of ( F i , E i ) for all i ∈ I. Then E = i∈I E i = ∅. Let e ∈ E. By Theorem 1.2, we have
is a fuzzy UP s -subalgebra of A. Therefore, ( F, E) is an e-fuzzy soft UP s -subalgebra of A.
But since e is an arbitrary statistic of E, we have ( F, E) is a fuzzy soft UP s -subalgebra of A.
In the same way as Theorem 2.3, we can use Theorem 1.2 to prove that the intersection of family of fuzzy where I is an arbitrary index set. The AND of ( F i , E i ) is defined to be the fuzzy soft set i∈I ( F i , E i ) = ( F, E) satisfying the following conditions:
Theorem 2.5. The AND of family of fuzzy soft UP s -subalgebras of A is also a fuzzy soft UP s -subalgebra.
Proof. Let ( F i , E i ) be a fuzzy soft UP s -subalgebras of A for all i ∈ I. By means of Definition 2.11, we assume that i∈I ( F i , E i ) = ( F, E) such that E = i∈I E i and F[(e i ) i∈I ] = i∈I F i [e i ] for all (e i ) i∈I ∈ E.
Assume that e = (e i ) i∈I ∈ E and let x, y ∈ A. Then
Therefore, F[e] is a fuzzy UP s -subalgebra of A, that is, ( F, E) is an e-fuzzy soft UP s -subalgebra of A. But since e is an arbitrary statistic of E, we have ( F, E) is a fuzzy soft UP s -subalgebra of A.
In the same way as Theorem 2.5, we can use Theorem 1.2 to prove that the AND of family of fuzzy soft UP i -subalgebras (resp., fuzzy soft near UP s -filters, fuzzy soft near UP i -filters, fuzzy soft UP s -filters, fuzzy soft UP i -filters, fuzzy soft UP s -ideals, fuzzy soft UP i -ideals, fuzzy soft strongly UP s -ideals, fuzzy soft strongly UP i -ideals) of A is also a fuzzy soft UP i -subalgebra (resp., fuzzy soft near UP s -filter, fuzzy soft near UP i -filter, fuzzy soft UP s -filter, fuzzy soft UP i -filter, fuzzy soft UP s -ideal, fuzzy soft UP i -ideal, fuzzy soft strongly UP s -ideal, fuzzy soft strongly UP i -ideal).
a nonempty family of fuzzy soft sets over a common universe U where I is an arbitrary index set. The OR of ( F i , E i ) is defined to be the fuzzy soft set i∈I ( F i , E i ) = ( F, E) satisfying the following conditions:
Theorem 2.6. The OR of family of fuzzy soft near UP i -filters of A is also a fuzzy soft near UP i -filter.
Proof. Let ( F i , E i ) be a fuzzy soft near UP i -filters of A for all i ∈ I. By means of Definition 2.12, we assume that i∈I ( F i , E i ) = ( F, E) such that E = i∈I E i and F[(e i ) i∈I ] = i∈I F i [e i ] for all (e i ) i∈I ∈ E. Assume that e = (e i ) i∈I ∈ E and let x, y ∈ A. Then
Therefore, F[e] is a fuzzy near UP i -filter of A, that is, ( F, E) is an e-fuzzy soft near UP i -filter of A. But since e is an arbitrary statistic of E, we have ( F, E) is a fuzzy soft near UP i -filter of A.
In the same way as Theorem 2.6, we can use Theorem 1.3 to prove that the OR of family of fuzzy soft strongly UP s -ideals (resp., fuzzy soft strongly UP i -ideals) of A is also a fuzzy soft strongly UP s -ideal (resp., fuzzy soft strongly UP i -ideal).
The following example shows that the OR of two fuzzy soft UP s -subalgebras of A is not fuzzy soft UP ssubalgebra.
Example 2.1. Let A be the set of four series of the iPhone, that is,
Define two binary operations · and * on A as the following Cayley tables: · X 7 6 5 X X 7 6 5 7 X X 6 5 6 X 7 X 5 5 X 7 6 X * X 7 6 5 X X X X X 7 X X X X 6 X X X 7 5 X X 7 X Then A = (A, ·, * , X) is an f -UP-semigroup. Let ( F 1 , E 1 ) and ( F 2 , E 2 ) be two fuzzy soft sets over A where 
is not a fuzzy soft UP s -subalgebra of A. Moreover,
is not a fuzzy soft UP s -subalgebra of A.
We can apply those examples in [16] to check that the OR of two fuzzy soft UP i -subalgebras (resp., fuzzy soft near UP s -filters, fuzzy soft UP s -filters, fuzzy soft UP i -filters, fuzzy soft UP s -ideals, fuzzy soft UP i -ideals) of A is not fuzzy soft UP i -subalgebra (resp., fuzzy soft near UP s -filter, fuzzy soft UP s -filter, fuzzy soft UP i -filter, fuzzy soft UP s -ideal, fuzzy soft UP i -ideal).
We prove that certain distributive laws hold in fuzzy soft set theory with respect to the restricted union, the union, the intersection, and the extended intersection on any fuzzy soft sets.
Theorem 2.7. Let ( F i , E i ) and ( F, E) be fuzzy soft sets over a common universe U where I is a nonempty set. Then the following properties hold:
Proof. (1) First, we investigate left hand side of the equality. Suppose that i∈I ( F i , E i ) = ( G, E U ) is the union of ( F i , E i ) for all i ∈ I. Then E U = i∈I E i and for any e ∈ E U , 
Consider the right hand side of the equality. Suppose that ( F, E) ( F i , E i ) = ( I i , E I i ) is the intersection of ( F, E) and ( F i , E i ) for all i ∈ I. Then E I i = E ∩ E i = ∅ and for any e ∈ E I i , 
where ∅ = J ⊆ I. By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence,
(2) By using techniques as in (1) and by Theorem 1.1 (2), then (2) can be derived.
(3) By using techniques as in (1) and by Theorem 1.1 (3), then (3) can be derived.
(4) By using techniques as in (1) and by Theorem 1.1 (4), then (4) can be derived.
(5) First, we investigate left hand side of the equality. Suppose that By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence, ( F, E) ∩ ( i∈I ( F i , E i )) = i∈I (( F, E) ∩ ( F i , E i )).
(6) By using techniques as in (5) and by Theorem 1.1 (2), then (6) can be derived.
(7) By using techniques as in (5) and by Theorem 1.1 (3), then (7) can be derived. ). Since i∈I (E ∩ E i ) = E ∩ ( i∈I E i ), we have E IRU = E RU I . By Theorem 1.1 (1), it is clear that H and J are same set-valued mapping. Hence, ( F, E) ( i∈I ( F i , E i )) = i∈I (( F, E) ( F i , E i )).
(10) By using techniques as in (9) and by Theorem 1.1 (2), then (10) can be derived.
(11) By using techniques as in (9) and by Theorem 1.1 (3), then (11) can be derived.
(12) By using techniques as in (9) and by Theorem 1.1 (4), then (12) can be derived.
